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Controlling matter to simultaneously support
multiple coupled properties is of fundamental and
technological importance [1]. For example, the
simultaneous presence of magnetic and ferroelec-
tric orders in multiferroic materials leads to en-
hanced functionalities [2–5]. In high-temperature
superconductors, intertwining between charge-
and spin-order can form superconducting states
at high transition temperatures [6–9]. However,
pinning down the microscopic mechanisms re-
sponsible for the simultaneous presence of differ-
ent orders is difficult, making it hard to predict
the phenomenology of a material [10, 11] or to ex-
perimentally modify its properties [12–16]. Here
we use a quantum gas to engineer an adjustable
interaction at the microscopic level between two
orders, and demonstrate scenarios of competition,
coexistence and coupling between them. In the
latter case, intriguingly, the presence of one order
lowers the critical point of the other. Our system
is realized by a Bose-Einstein condensate which
can undergo self-organization phase transitions in
two optical resonators [17], resulting in two dis-
tinct crystalline density orders. We characterize
the intertwining between these orders by measur-
ing the composite order parameter and the ele-
mentary excitations. We explain our results with
a mean-field free energy model, which is derived
from a microscopic Hamiltonian. Our system is
ideally suited to explore properties of quantum
tricritical points as recently realized in [18] and
can be extended to study the interplay of spin
and density orders [19] also as a function of tem-
perature [20].
In Landau theory, the phenomenology of continuous
phase transitions is described by an order parameter that
minimizes the free energy F and that is zero in the nor-
mal phase and finite in the ordered phase [21]. In the case
of a system with two order parameters α1, α2 the mini-
mal description capturing the possible phases is given by
the free energy F(α1, α2)/~ = r1α21+r2α22+g(α21+α22)2−
γ12α
2
1α
2
2, where g > 0, r1, r2 and γ12 are the couplings
that are determined by the microscopic details of the in-
teractions. The resulting phases depend on the values of
γ12, r1 and r2 (see Fig. 1a). If γ12 < 0, minimizing F
always requires α1 = 0 or α2 = 0, i.e. the order param-
eters mutually exclude each other. If γ12 > 0, however,
F supports minima with α1 · α2 6= 0 for certain ranges
of r1, r2 and g, and the orders can intertwine [22]. The
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FIG. 1. Intertwined order of two order parameters.
a, Phase diagram of a system exhibiting two different ordered
phases associated to the order parameters α1 and α2 (red and
yellow) as a function of the imbalance parameter ∆¯ = r1−r2.
The existence of a direct coupling term γ12 > 0 between α1
and α2 leads to the formation of an additional phase with in-
tertwined order (blue region). For γ12 = 0 at ∆¯ = 0 a special
point with enhanced symmetry is present (dark blue dot). b,
A Bose-Einstein condensate (blue) is placed at the intersec-
tion of two optical cavities crossing under an angle of 60◦. It is
illuminated along y by a standing wave laser beam (dark red)
which is tilted by 60◦ with respect to both cavities and is re-
ferred to as transverse pump. Crystallization of the BEC can
occur via scattering of photons from the transverse pump into
one of the two cavities or into both. As a consequence, the
cavity light field amplitudes α1 and α2 can acquire non zero
values. The photons leaking out of the cavities are detected
with single photon counters. The corresponding orders in-
tertwine with each other via the cavity-cavity scattering rate
γ12. c, d, e Calculated density modulations associated to
density orders mediated by photon scattering into cavity 1
(SO1), cavity 2 (SO2) and both cavities simultaneously (in-
tertwined). White (black) regions are associated to low (high)
atomic densities. The wavelength of a transverse pump pho-
ton is λp ≈ 780 nm.
special case of negligible γ12 supports a phase transition
with enhanced symmetry [17].
We report on the realization of a system where we
control the microscopic process that favours intertwined
order between two different density patterns. Our ex-
perimental realization is illustrated in Fig. 1b. A Bose-
Einstein condensate (BEC) of N=2.5(1)×105 87Rb atoms
is optically trapped at the intersection of two optical cav-
ity modes. The BEC is illuminated by a standing wave
laser beam with frequency ωp, which we refer to as trans-
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2verse pump. It is far detuned, by ∆A = ωp − ωA < 0,
from the D2 atomic transition ωA and closely detuned,
by ∆i = ωp− ω˜i < 0, from the dispersively shifted cavity
resonance frequencies ω˜i = ωi + Ng
2
i /(2∆A), i ∈ {1, 2}
(see Methods).
An effective atom-atom interaction originates from Ra-
man processes between transverse pump and cavity. In
an intuitive picture, a transverse pump photon is off–
resonantly scattered by one atom of the BEC into either
of the two cavity modes. The cavity photon can then be
scattered back into the pump beam by any other atom.
During these processes atoms are recoiling from the BEC
state into non-zero momentum states with opposite mo-
menta, which are sketched in the upper panels of Fig. 2a,
c. In real-space their interference gives rise to a density
ripple on the BEC. While the occupation of these momen-
tum modes by the atoms increases the kinetic energy of
the system, a photon scattered into either of the cavities
creates a lattice potential that lowers the potential en-
ergy. A self-organization phase transition to a spatially
ordered state occurs beyond a critical point, when the
potential energy associated with the formation of a co-
herent cavity field with amplitude αi = ±√ni, overcomes
the kinetic energy of the atoms [23]. The variable ni de-
notes the mean intracavity photon number. As a result,
the superfluid acquires a chequerboard density structure
(see Fig. 1c and e). Depending on the sign of αi, the
density maxima can be located either on the even or on
the odd sites of the underlying chequerboard potential,
corresponding to a broken Z2 symmetry [24].
Intertwining between the two order parameters is me-
diated by an additional microscopic mechanism, the scat-
tering of photons from one cavity to the other via the
atoms, and favours the formation of another density
structure on the superfluid (see Fig. 1d). These scatter-
ing processes couple the BEC to additional momentum
states (see upper panel in Fig. 2b).
The Hamiltonian description of our system maps onto
the free energy F(α1, α2), with the parameters (see
Methods)
ri =−∆i
(
1− λ
2
λ2i,crit
)
, i ∈ {1, 2}
g =
8λ4
ω3r
, γ12 =
4λ212
ωr
.
(1)
Here ωr = 2pi×3.7 kHz is the recoil frequency of
the atoms for a transverse pump photon, the param-
eter λ = −√NΩpg0/(2
√
2∆A) is the Raman coupling
associated to scattering processes between the pump
field – with Rabi frequency Ωp – and either cavity
field – with vacuum-Rabi frequencies g0 (see Meth-
ods), λi,crit =
√−∆iωr/4 is the critical coupling at
which self-organization in cavity i occurs and λ12 =
−Ng20/(2
√
2∆A) is the Raman coupling associated to
scattering of photons from one cavity to the other.
In our experiment we can independently control the
four coefficients in (1). The Raman coupling λ can be
controlled by the power P of the transverse pump as
Ωp ∝
√
P , while the critical couplings λi,crit can be
changed via the detunings ∆i. The coefficient λ12 is con-
trolled by the atomic detuning ∆A.
The first goal of our experiment is to determine the
phases of the system. Our experimental observable is the
Fourier transform of the BEC density structure, which
we measure by switching off the optical trap and per-
forming absorption imaging of the cloud after ballistic
expansion [25]. In this initial experiment, the coefficient
γ12 is fixed to a non-zero value by choosing ∆A/2pi =
-1 THz. We explore three different scenarios. In the first
two, we set a large positive or negative detuning imbal-
ance |∆¯| = |∆2 − ∆1|, by setting either ω˜1 significantly
closer to ωp than ω˜2, or vice versa. In terms of the free
energy F , this situation corresponds to having r1 and r2
significantly different from each other and therefore ei-
ther α1 or α2 dominates. In the third scenario, we set
∆¯ ∼ 0, therefore maintaining r1 ∼ r2. After having fixed
the cavity detunings ∆i, we induce crystallization of the
BEC by increasing the transverse pump power within
100 ms to the same final value of 10(1)~ωr in each run.
This ensures a constant λ in all the three measurements.
Three qualitatively different momentum distributions of
the BEC are visible, corresponding to self-organization of
the BEC in cavity 1 (SO1), cavity 1 and 2 (Intertwined)
or cavity 2 (SO2) (see lower panels Fig. 2a-c). These
signal the existence of different crystalline orders in the
system. In particular, the additional momentum peaks
occupied in the intertwined phase (blue peaks in the up-
per panel of Fig. 2b) are representative of the fact that
the ‘parent’ orders do not just add to each other but they
give rise to a more complex spatial arrangement. For the
three measured Fourier transforms of the crystal struc-
ture (Fig. 2a-c) we observed photon occupation either
in cavity 1, in both cavities, or in cavity 2, by recording
the photons leaking from the cavities onto single photon
detectors .
We map out the phase diagram using the connection
between the presence of the cavity light fields and the
existence of a certain crystalline order in the BEC. We
repeat the previous experiments at different pairs (∆1,
∆2), covering positive and negative values for r1 and r2.
For each pair (∆1, ∆2) we measure the steady state in-
tracavity photon numbers (see Fig. 2d, e).
The resulting phase diagram is reported in Fig. 2f. For
positive r1 and r2, corresponding to the white area in the
diagram, there is no light in the cavities and the minima
of F are located at α1 = α2 = 0. One phase boundary is
located on the line r1 = 0, defined by λ = λ1,crit. Beyond
this line (red/SO1 region in Fig. 2f), r1 is negative and
the order parameter α1 becomes non–zero in the ground
state of the system. Similarly for the yellow region (SO2),
beyond the line r2 = 0 of the second phase boundary, r2 is
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FIG. 2. Observing inter-
twined order. a,b,c, Imaging the
atoms after ballistic expansion re-
veals their momentum distributions
(lower panels), reflecting the scat-
tering processes (see Methods) be-
tween cavities and transverse pump
(upper panel). These distributions
are the Fourier transforms of the
modulated atomic density shown in
Fig. 1. Dark regions indicate high
atomic densities. d,e, Simulta-
neously measured intracavity pho-
ton numbers n1 (red) and n2 (yel-
low), as a function of the respec-
tive detunings ∆1 and ∆2 from the
transverse pump beam. Dashed
lines are the fitted phase bound-
aries. f, We identify four different
regions (see Methods): a superfluid
without photons (SF), two regions
with photons in only one of the
cavities (SO1/SO2), and a region
where photons populate both cav-
ities simultaneously (Intertwined).
Crosses mark the settings of the
measurements in a-c and manifest
the relation between light fields and
density order.
negative and α2 is non–zero. The two phase boundaries
cross each other when r1 = r2 = 0 and a multicritical
point is present. We also observe that the two order
parameters compete, i.e. the critical points are shifted
to higher values. This can be seen in the region where
both r1 and r2 are negative, where a change in the slope
of the phase boundaries is visible for both phases. We
can identify regions of mutually exclusive orders, where
only one of the two αi is non–zero even though both
r1, r2 < 0. Additionally, we observe a region where both
order parameters are non–zero (blue region in Fig. 2f), a
signature of a phase with intertwined order.
The extent of the phase with intertwined order depends
on the coefficient γ12. We can control it by changing
the atomic detuning ∆A either to smaller absolute val-
ues (larger γ12) or larger absolute values (smaller γ12).
By tuning γ12 towards zero, we can favour a regime of
mutual exclusion, i.e. competition of the two orders (see
Fig. 3a). Here, the phase with intertwined order shrinks
to a narrow region where a U(1)–symmetry in the free
energy emerges [17, 26, 27]. Alternatively, by fine tun-
ing to γ12 = 2g we realize a situation where the free
energy F separates (see Methods) into the sum of two
independent free energies, each associated to one of the
two order parameters. In this case the order parameters
coexist, i.e. they do not influence each other through-
out the entire phase diagram (see Fig. 3c). Finally, we
can also access the regime where γ12 > 2g (see Fig. 3d),
i.e. the order parameters are coupled. In this case, in-
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FIG. 3. Controlling intertwined order. a-d, Phase di-
agrams extracted from the order parameters α1 and α2 mea-
sured as in Fig. 2d but at different ∆A/2pi = −2.4 THz (a),
−1 THz (b),−0.4 THz (c) and −0.073 THz (d). Four phases
are visible, associated with no light in either cavity (white),
light in cavity 1 (red), light in cavity 2 (orange) and light
in both cavities (blue). The latter region gets larger as we
approach the atomic resonance. e, The opening angle ϕ of
the intertwined phase as defined in b is used to construct the
phase diagram of the intertwined order parameters as a func-
tion of λ12. The errorbars reflect the uncertainty in fitting
the phase boundary, taking into account a freedom of choice
of the photon number threshold (see Methods).
tringuingly, their critical points are shifted towards lower
values by the coefficient γ12. We use the opening angle
ϕ shown in Fig. 3b to quantify the extent of the phase
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FIG. 4. Characterization of intertwined order. a,
Landau free energy in the phase SO1 (right), the intertwined
phase (center), and the phase SO2 (left). The two axes of the
horizontal plane are defined by the cavity light field ampli-
tudes α1 and α2. When crossing the phase boundary (dashed
lines) to the intertwined phase, the two ground states split
into two, each from a single minimum located along one of
the two axes. The positions of the two minima rotate on a
circle in opposite directions when the detuning imbalance ∆¯
is changed. b, The rotation is signaled experimentally by a
smooth change in the photon numbers in the two cavities.
The data is extracted from Fig. 2 d,e (see Methods). c, The
azimutal curvature of the Landau potential also changes. We
measure this curvature by probing the excitation frequency
of the azimuthal mode in the intertwined phase. Vertical er-
ror bars reflect standard deviations and fit uncertainties (see
Methods). ∆¯ has a preparation uncertainty of 50 kHz. All
the data are taken at ∆A/2pi = −1 THz.
with intertwined order and construct the phase diagram
as a function of λ12 (see Fig. 3e).
Having shown that intertwined order can go beyond
the mere coexistence of the order parameters, we charac-
terize the deformation of the free energy as a function of
the detuning imbalance ∆¯, when r1, r2 < 0 (see Fig. 4).
As the system enters the intertwined phase, each of its
two ground state minima splits into two. Therefore, a
Z2 × Z2 symmetry is broken (see central panel). As a
function of the detuning imbalance ∆¯, the positions of
the four minima change. Experimentally, this change can
be revealed by extracting the photon numbers n¯1, n¯2 as
a function of the angle ϕ from Fig. 2d,e. This is shown
in Fig. 4b. When ϕ is tuned from positive to negative
values, the photon numbers exchange smoothly.
To further confirm our model of tunable symmetry,
we probe the curvature of the free energy by equiva-
lently measuring the excitation frequency for different ∆¯
at ∆A/2pi = −1 THz (see Fig. 4c). We apply a variant
of Bragg spectroscopy that we introduced in a previous
work [26]. Here additional probe light of variable fre-
quency different from the transverse pump, is injected on
axis in either cavity. The excitation energy is then iden-
tified as the detuning corresponding to a sudden change
in the intracavity photon number (see Methods). Start-
ing at ∆¯ = 0, we observe that the excitation energy de-
creases approaching the phase boundaries (see Fig. 4c).
These measurements are in agreement with the expected
mode softening at a second order phase transition from a
phase with broken Z2– to a phase with broken Z2 × Z2–
symmetry (see Methods).
In future, this experimental platform can be modified
to simulate coupled spin and charge order reminiscent of
high-temperature superconductors [19], or to realize the
Coleman-Weinberg model by setting γ12 < 0 [28], or to
realize phases with vestigial order [29]. In addition, the
photons leaking from the cavities allow to access the fluc-
tuations of the order parameter and their scaling when
approaching a critical point to confirm theoretical models
as presented in the accompanying paper [30].
METHODS
Setup and preparation of the Bose-Einstein con-
densate (BEC) We prepare an almost pure BEC ofN =
2.5(1) × 105 atoms in an optical dipole trap formed by
two orthogonal laser beams at a wavelength of 1064 nm
along the x– and y–axes. The trapping frequencies are
(ωx, ωy, ωz) = 2pi × (66(1), 75(1), 133(5)) Hz. The trap
position coincides with the crossing point of the funda-
mental Gaussian modes of the two optical cavities with
Rabi frequencies (g1, g2) = 2pi × (1.95(1), 1.77(1)) MHz,
and decay rates (κ1, κ2) = 2pi × (147(4), 800(11)) kHz.
We can adjust the resonance frequencies of the cavity
modes with piezoelectric elements that are included in
the mount of each cavity mirror. The frequencies are ac-
tively stabilized with the help of an additional laser beam
at 830 nm.
Lattice and photon number calibrations In order to
calibrate the lattice depths of the transverse pump and
each cavity field we perform Raman-Nath diffraction on
the atomic cloud. The intracavity photon number cali-
bration can then be calculated from the lattice depth per
photon U0 = ~g2i /∆A, where ~ is the reduced Planck con-
stant, gi is the vacuum Rabi frequency of the cavity, and
∆A is the detuning from atomic resonance. We extract
5efficiencies of (5.0(2)%; 1.4(1)%) for detecting an intra-
cavity photon from cavity i with single-photon counting
modules.
Spin-assisted self-organization The BEC is prepared
in the |F,mF〉 = |1,−1〉 state. All data for the phase
diagrams were taken with an offset field of Bz = 55G,
creating a Zeeman level splitting large compared to ∆i.
In this way we suppress collective Raman transitions be-
tween different Zeeman sublevels that scatter light in the
cavities.
Evaluation of the phase diagrams From the photon
data recorded at the cavity output (see Fig. 2d and e), we
extract the phase diagram by binarizing the photon data
with a photon threshold set to 1 photon/ms. The phase
diagram in Fig. 2f and the ones in Fig. 3 are calculated
in this manner.
Excitation spectrum To measure the excitation spec-
trum we exploit a method which we have introduced
in a previous work [26]. We first fix the cavity detun-
ings from the pump laser frequency to certain values
(∆eq1 ,∆
eq
2 ). We then prepare the BEC at a certain cou-
pling strength by linearly increasing the transverse pump
intensity within 50 ms to a lattice depth of 12.5(10) ~ωrec,
with ωrec being the recoil frequency for a transverse pump
photon. This brings the system to a certain position in
the phase diagram where we want to probe the excita-
tions. Subsequently, a small probe field is injected on
axis with one of the cavity modes and its detuning is
ramped linearly in time from 0 kHz to 6 kHz with respect
to the transverse pump frequency within 20 ms. Simul-
taneously, we measure the response of the system to the
probe field by continuously monitoring the number of
photons leaking from the cavity mirrors on single photon
detectors. We bin photons in 0.25 ms intervals, apply a
smoothing filter and average 20 traces for each position
in the phase diagram. When the probe field detuning
is on resonance with a polaritonic excitation, the system
is driven and the excess energy leads to heating and an
accelerated decay of the order parameter, i.e. the photon
number ni in cavity i. The decay rate δni/δt shows a
resonant feature. We extract the excitation energy with
a local Gaussian fit. Fig. 5 shows an examplary measure-
ment.
Intertwined order: amplitude and phase of the
order parameter From the photon data reported in
Fig. 2 of the main text we can extract phase and ampli-
tude of the order parameter making use of the relations
φ = arctan(α1/α2) and |α| =
√
α21 + α
2
2. Both are shown
in Fig. 6. Across the interwined phase, the phase φ is
smoothly changing by pi/2 corresponding to a rotation of
the composite order parameter α1 + iα2. From Fig. 2d,e
we calculate the admixture of the order parameters α1
and α2 across the intertwined phase. This is shown in
Fig. 4b by averaging photon numbers along rays origi-
nating from the multicritical point corresponding to fixed
values of the opening angle ϕ that we have introduced in
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FIG. 5. Measurement of the excitation energy. The
figure illustrates the measurement for the case of ∆1/2pi =
−4 MHz, ∆2/2pi = −4.75 MHz, i.e. ∆¯/2pi = 0.75 MHz, mea-
sured on cavity 1. a, Order parameter n1 responding to the
weak probe field whose detuning is changing from 0 kHz to
4 kHz with respect to the transverse pump frequency within
20 ms. The data is binned in 0.25ms intervals, smoothened,
and averaged over 20 realizations. The gray shaded area
shows the standard deviation of the full sample. The red
shaded area highlights the region of accelerated decay. b,
The time derivative of the mean photon trace shows a res-
onance at a detuning of 1.7 kHz (dashed line). A collective
mode is excited at this frequency, which subsequently decays.
The excess energy of the decay leads to heating which we ob-
serve through the decreasing order parameter. We extract the
resonance frequency with a local Gaussian fit (light red).
the main text. The photon numbers ni are normalized
to the total photon number and averaged along each ray.
Vertical error bars are the standard deviations along the
ray.
Hamiltonian description of the system Raman scat-
tering between the cavity fields (with wave-vector ki, i
∈ {1, 2}) and the transverse pump (with wave-vector kp)
via the atoms couples the atomic momentum state of
the BEC to a superposition state of higher momenta.
These states fall into two groups with energies either
~ω− = ~ωrec or ~ω+ = 3~ωrec (see Fig. 7). The single-
photon recoil frequency is given by ωrec = ~k2/2m, with
m being the atomic mass and ~ the reduced Planck con-
stant and k = |kp| = |ki|. Following the same procedure
described in the Methods section of [17], we include the
cavity–cavity interference term and extend the ansatz for
the atomic field operator to
Ψˆ =Ψ0cˆ0 +
∑
i∈{1,2}
(
Ψi−cˆi− + Ψi+cˆi+
)
+ Ψ12−cˆ12− + Ψ12+cˆ12+,
(2)
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FIG. 6. Phase and amplitude of the order parameter.
The data from Fig. 2 of the main text is transformed into the
phase φ = arctan(α1/α2) (a) and amplitude |α| =
√
α21 + α
2
2
(b) of the composite order parameter. The phase is random
in the non-ordered phase (∆1/2pi,∆2/2pi < −5.5 MHz), fixed
at 0 or pi/2 in the singly self-organized phase of cavity 1 or
2 respectively, and smoothly varying between them in the
intertwined phase.
where cˆ†i± (cˆi±) and cˆ
†
0 (cˆ0) create (annihilate) an atomic
momentum excitation at energy ~ω± associated with cav-
ity i and in the atomic ground state, respectively. cˆ†12±
(cˆ12±) create (annihilate) an atomic momentum excita-
tion at energy ~ω± associated to cavity–cavity scattering.
Ψ0 =
√
2
A represents the BEC zero-momentum mode,
the functions Ψi± =
√
2
Acos[(kp ± ki) · r] are the atomic
modes with momentum imprinted by one of the scat-
tering processes at high– or low–energy into one of the
cavities, and the functions Ψ12± =
√
2
Acos[(k1 ∓ k2) · r]
are the atomic modes with momentum imprinted by one
of the scattering processes at high– or low–energy from
one cavity to the other. r is the real space coordinate
vector and A is the area of the Wigner-Seitz cell. We
obtain the following effective Hamiltonian
Hˆ =
∑
i∈{1,2}
[
−~∆iaˆ†i aˆi + ~ω+cˆ†i+cˆi+ + ~ω−cˆ†i−cˆi−
+
~λi√
N
(
aˆ†i + aˆi
)(
cˆ†i+cˆ0 + cˆ
†
i−cˆ0 + h.c.
)]
+
~λ12√
N
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)(
cˆ†12−cˆ0 + cˆ
†
12+cˆ0 + h.c.
)
+ ~ω−cˆ†12−cˆ12− + ~ω+cˆ
†
12+cˆ12+,
(3)
where the index i labels the two cavities and N is the
atom number. aˆ†i (aˆi) are the creation (annihilation) op-
erators for a photon in cavity i. λi =
ηi
√
N
2
√
2
is the Ra-
man coupling between the transverse pump and cavity i,
which can be controlled via ηi = −Ωpgi∆a with the trans-
verse pump Rabi frequency Ωp. λ12 = − g1g2N2√2∆A is the
Raman coupling between one cavity and the other one
and can be controlled via the atomic detuning ∆A. The
atomic cloud acts as a dispersive medium in the cavity
and changes the effective cavity lenght. The resulting dis-
persive shift of the cavity resonance is Ng2i /(2∆a) ∆i.
It is similar for both cavities and we absorbe it into ∆i.
Higher order terms can be discarded for our experimen-
tal parameters. For our experimental parameters, col-
lisional interactions between the atoms result only in a
small overall energy shift. Since the vacuum Rabi cou-
plings gi of the two cavities are slightly different, the BEC
is aligned at the position where we achieve equal effective
vacuum Rabi couplings g˜i of the two cavities due to the
convolution with the mode profiles of the cavities. This
position is slighlty off centered with respect to the mode
crossing but ensures that we can use g0 = g˜1 = g˜2 and
a single coupling λ = λ1 = λ2. We neglect the cavity
decay rates which are not relevant in this part of the dis-
cussion. We also neglect effects due to the spatial phase
of the transverse pump lattice relative to the cavity lat-
tices.
Symmetries and phases The Hamiltonian (3) pos-
sesses two Z2 symmetries that can be broken indepen-
dently. When photons are coherently scattered from the
transverse pump into either of the cavities, a light field
amplitude αi in cavity i becomes non-zero and can take
either 0 or pi phase with respect to the transverse pump
beam phase, as the electric field has to match the bound-
ary conditions set by the cavity mirror. These two phases
of the light field correspond in real space to atoms sitting
on even or odd sites of the interference potential that is
formed between the transverse pump beam and the cav-
ity lattice.
Low-energy mean field expansion Here we show an
exact mapping of our microscopic model on a Landau
free energy that captures the phenomenology of the phase
diagram of two intertwined order parameters. Starting
from the Hamiltonian Hˆ we restrict our description to the
low-energy momentum modes ~ω− which are highlighted
in Fig. 7:
Hˆlow-energy =
∑
i=1,2
[
−~∆iaˆ†i aˆi + ~ω−cˆ†i−cˆi−
+
~λ√
N
(
aˆ†i + aˆi
)(
cˆ†i−cˆ0 + h.c.
)]
+
~λ12√
N
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)(
cˆ†12−cˆ0 + h.c.
)
+ ~ω−cˆ†12−cˆ12−.
(4)
We go to a mean-field description of this Hamiltonian by
taking the average values 〈aˆi〉 = αi and 〈cˆi−〉 = ψi and
〈cˆ12−〉 = ψ12. The mean-field Hamiltonian then becomes:
HMF =
∑
i=1,2
[
− ~∆iα2i + ~ω−ψ2i +
4~λi√
N
αiψiψ0
]
+
4~λ12√
N
α1α2ψ12ψ0 + ~ω−ψ212.
(5)
Effective potential for the intertwined phase To
7FIG. 7. Field operators describing the scattering pro-
cesses. The cavity modes, with photon annihilation opera-
tors aˆ1 and aˆ2, are sketched in red and yellow. Red (yellow)
circles are atomic momentum states populated via photon
scattering from the pump into cavity 1 (cavity 2) and vice
versa. The associated annihilation operators are cˆ1± and cˆ2±
respectively. Blue circles are atomic momentum states oc-
cupied via photon scattering from one cavity to the other,
associated with the annihilation operator cˆ12±. Black circles
represent the BEC state and the Bragg peaks of the trans-
verse pump lattice oriented along y. The momentum peaks in
darker colour have energy ~ω− whereas those in transparency
have higher energy ~ω+ and are neglected in the derivation
of the free energy. The scale ~k indicates the atomic recoil
momentum given by a pump photon. Solid and dahed lines
correspond to different time ordered two-photon scattering
processes.
derive the Landau potential or free energy F that we
show in the main text (see Fig. 4), we use the steady
state solutions of the atomic fields ψi and ψ12 to re-
duce HMF to a function of the photon field amplitudes
α1 and α2. Therefore we set ∂HMF/∂ψi = 0 and
obtain ψi = −2
√
Nλiαiψ0/ω− for i=1,2 and ψ12 =
−2√Nλ12α1α2ψ0/ω−. The atomic fields respect the nor-
malization condition ψ20 = N(1−ψ21−ψ22−ψ212). Substi-
tuting these expressions into HMF and keeping terms up
to quartic order in α1 and α2, we obtain the expression
for the free energy:
F(α1, α2;r1, r2, g, γ12)/~ =
−∆1
(
1− λ
2
λ21,crit
)
α21 −∆2
(
1− λ
2
λ22,crit
)
α22
+
16λ4
ω3
(α21 + α
2
2)
2 − 4λ
2
12
ω
α21α
2
2
(6)
where we have set λi,crit =
√−∆iω/4. This expression
of the free energy is identical to the one presented in the
main text where ri = −∆i
(
1 − λ2
λ2i,crit
)
, g = 16λ4/ω3
and γ12 = 4λ
2
12/ω. Note that the detuning imbalance
is ∆¯ ≡ ∆2 − ∆1 = r1 − r2. The phenomenology of the
phase diagram, which is experimentally measured, can be
reproduced by this free energy F . Terms higher than the
quartic order should be included to calculate the position
of the phase boundary of the intertwined phase. The
ground state of the system for given parameters ri, g
and γ12 can be found by minimizing F with respect to
both α1 and α2. In the case where γ12 = 2g, the free
energy F separates,
F(α1, α2;r1, r2, g, γ12)/~ = r1α21 + gα41 + r2α22 + gα42
= F(α1; r1, g)/~+ F(α2; r2, g)/~.
In this case the phase boundaries of the two ordered
phases SO1 and SO2 do not influence each other through
the phase diagram as it is measured in Fig. 2c of the
main text.
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